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Abstract. Refinement checking plays an important role in system verification. It
establishes properties of an implementation by showing a refinement relationship
between the implementation and a specification. Recently, it has been shown that
anti-chain based approaches increase the efficiency of trace refinement check-
ing significantly. In this work, we study the problem of adopting anti-chain for
stable failures refinement checking, failures-divergence refinement checking and
probabilistic refine checking (i.e., a probabilistic implementation against a non-
probabilistic specification)4. We show that the first two problems can be signif-
icantly improved, because the state space of the product model may be reduced
dramatically. Though applying anti-chain for probabilistic refinement checking is
more complicated, we manage to show improvements in some cases. We have in-
tegrated these techniques into the PAT model checking framework. Experiments
are conducted to demonstrate the efficiency of our approach.

1 Introduction

Model checking has established itself as an effective technique for system verification.
It works by exhaustively searching through the state space in order to show that an im-
plementation model, in certain modeling language, satisfies a property. Properties are
often specified using temporal logic formulae such as CTL or LTL, in other words, a
language different from the modeling language. An alternative approach is called re-
finement checking. Different from temporal-logic based model checking, refinement
checking shows a refinement relationship between two models in the same language,
one modeling an implementation and one modeling a specification. If the specification
satisfies certain property and the refinement relationship is strong enough to preserve
the property, we imply that the property is satisfied by the implementation. A vari-
ety of refinement relationships have been defined, which preserve different classes of
properties. For instance, safety can be verified by showing a trace refinement relation-
ship. Combination of safety and liveness is verified by showing a stable failures refine-
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ment relationship if the system is divergence-free or otherwise by showing a failures-
divergence refinement relationship. The readers are refer to [12] for a discussion on the
expressiveness of different refinement.

Refinement checking has been traditionally used to verify CSP [11]. The success of
the FDR refinement checker [1], which supports fully automatic checking of the above-
mentioned refinement relationships, evidences the usefulness of refinement checking.
Recently, Sun et al. extended the idea of automated trace refinement checking to prob-
abilistic systems [14], which we refer to as probabilistic refinement checking in this
work5. The idea is that, given a probabilistic implementation model (which has the se-
mantics of a Markov Decision Process) and a non-probabilistic specification model,
probabilistic refinement checking calculates the probability of the implementation ex-
hibiting traces of the specification model. This is useful as, for instance, if the spec-
ification model captures desired system behaviors, the result is the probability of the
implementation behaving ‘well’.

Due to the non-determinism in the specification, refinement checking often relies
on the classic subset construction approach. The subset construction is used to build a
deterministic finite-state automaton (DFA) from the specification, which is in general
a non-deterministic finite-state automaton (NFA). Next, refinement checking works by
computing the synchronous product of the implementation and transforming the prob-
lem into a reachability analysis problem in the product. In the worst case, the resultant
DFA could have exponentially more states than the original NFA. As a result, refine-
ment checking suffers from state space explosion. Recently, Wulf et al. proposed an
approach (for solving the language universality problem and trace refinement checking)
named anti-chain [16]. It has been shown that this approach outperforms the previous
ones significantly. The key point of anti-chain based approaches is that the complete
subset construction and computing the complete state space of the product are avoided.
Given that the existing approaches for checking other refinement relationships are all
based on the subset construction, it is only naturally to investigate whether anti-chain
can be used for better performance as it did for trace refinement checking.

In this work, we study three kinds of refinement checking, in particular, stable fail-
ures refinement, failures-divergence refinement and probabilistic refinement checking.
The problem is non-trivial as we need to formally prove that anti-chain works with sta-
ble failures semantics and failures-divergence semantics. Furthermore, it is complicated
for probabilistic refinement checking as omitting parts of the product would affect the
probability. We make the following technical contribution. Firstly, we show that anti-
chain can be readily used to improve stable failures refinement and failures-divergence
refinement. Secondly, we show that anti-chain can be used to improve probabilistic re-
finement checking in some particular cases, using an iterative probability calculation
method. Lastly, we implement the technique in the PAT model checker [13] and show
improvement over existing approaches (significant for stable failures refinement and
failures-divergence refinement).

Related works This work is related to research on anti-chain based model checking.
Wulf et al. proposed the anti-chain based approach for checking the language univer-
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sality and trace refinement of NFA [16]. It has been shown that the anti-chain based
approach may outperform the standard ones by several orders of magnitude. Their fol-
lowing works show that significant improvements can also be brought to the model
checking problem of LTL by using anti-chain based algorithms [8, 17]. Later Abdulla
et al. improved the approach through exploiting a simulation relation on the states of
NFA [2]. Remotely related are anti-chain based methods for solving other problems,
e.g., the LTL realizability and synthesis problem [7, 10] and the universality and lan-
guage inclusion problem of tree automata [2, 6]. In our work, we focus on stable failures
refinement, failures-divergence refinement and probabilistic refinement checking.

Organization Section 2 reviews trace refinement and anti-chain based trace refinement
checking. Section 3 presents algorithms for anti-chain based stable failures refinement
checking and failures-divergence refinement checking. Section 4 shows that anti-chain
can be used to improve probabilistic refinement checking (with a non-probabilistic
specification model). Lastly, Section 5 concludes the paper.

2 Background

In this section, we review previous work on anti-chain based trace refinement checking.

2.1 Trace Refinement

Let Σ be a set of event names; τ denote an invisible event; and Στ denote Σ ∪ {τ}.

Definition 1 (LTS). A labeled transition system (LTS) is a tuple L = (S , init ,Act ,T )
where S is a set of states; init ∈ S is an initial state; Act ⊆ Στ is a set of events and
T : S ×Act × S is a labeled transition relation.

For simplicity, (s, e, s ′) ∈ T is sometimes written as s e→ s ′. An LTS is deterministic
if and only if for all s ∈ S and s ∈ Στ , if s

e→ u and s
e→ v , then u = v . We

write enable(s) to denote the set {e | ∃ s ′. s e→ s ′}. We write u  v if there exists
a finite sequence of states 〈s0, s1, · · · , sn〉 such that si

τ→ si+1 for all i and u = s0
and v = sn . We write u

e
 v if u  u ′ and u ′

e→ v ′ and v ′  v . A finite sequence
of events 〈e0, e1, · · · , en〉 is a trace of L if and only if there exists a sequence of state
〈s0, s1, · · · , sn〉 such that si

ei si+1 for all i and s0 = init . The traces of L are denoted
as traces(L).

Definition 2 (LTS Synchronous Product). Let Li = (Si , initi ,Acti ,Ti) where i ∈
{1, 2} be two LTSs such that τ 6∈ Act2. The synchronous product of L1 and L2, writ-
ten as L1 × L2, is an LTS L = (S , init ,Act ,T ) such that S = S1 × S2; init =
(init1, init2); Act = Act1 ∪ Act2; and T is the minimum labeled transition relation
satisfying the following conditions.

– If (s1, τ, s ′1) ∈ T1, ((s1, s2), τ, (s ′1, s2)) ∈ T for all s2 ∈ S2;
– If (s1, e, s ′1) ∈ T1 and (s2, e, s

′
2) ∈ T2 and e 6∈ τ , ((s1, s2), e, (s ′1, s

′
2)) ∈ T .

Notice that all events except τ are to be synchronized by the two LTSs.



Definition 3 (Trace Refinement). Let Li where i ∈ {1, 2} be two LTSs. L1 trace-
refines L2 if and only if traces(L1) ⊆ traces(L2).

The standard approach for trace refinement is based on the subset construction. That is,
the specification LTS2 is transformed into trace-equivalent deterministic LTS without
τ -transitions through the process of determinization. Let L = (S , init ,Act ,T ) be an
LTS. The determinized LTS of L is det(L) = (S ′, init ′,Act ′,T ′) where S ′ ⊆ 2S is a
set of sets of states, init ′ = {s | init  s}; Act ′ = Act \ {τ} and T ′ is a transition
relation satisfying the following condition: (N , e,N ′) ∈ T ′ if and only if N ′ = {s ′ |
∃ s : N . s

e
 s ′}. Notice that states which can be reached via the same trace are

grouped together in det(L).
Given an implementation L1 and a specification L2, the standard trace refinement

checking is to construct (often on-the-fly) the product L1 × det(L2) and then try to
construct a state of the product (s1, s2) (where s1 is a state of L1 and s2 is a set of states
in L2) such that s2 is an empty set. Such a ‘co-witness’ state is called a TR-witness
state. In the worst case, this algorithm has a complexity exponential in the number of
states of L2.

2.2 Trace Refinement Checking with Anti-Chain

It has been shown that trace refinement checking based on anti-chain offers significantly
better performance [16]. Given two LTSs L1 and L2, the anti-chain method explores a
‘simulation’ relation in L1 × det(L2). Given any two states (s1, s2) and (s ′1, s

′
2) of

L1 × det(L2), let (s ′1, s
′
2) ≤ (s1, s2) denote s1 = s ′1 and s2 ⊆ s ′2.

Proposition 1. If (s ′1, s
′
2) ≤ (s1, s2) and (s1, s2)

e→ (u, v), then there exists (u ′, v ′)

such that (s ′1, s
′
2)

e→ (u ′, v ′) and u ′ = u and v ⊆ v ′. 2

By the above proposition, it can be readily shown that a TR-witness state is reachable
from (s ′1, s

′
2) implies that a TR-witness state must be reachable from (s1, s2). As a

result, if (s1, s2) has been explored, we can skip (s ′1, s
′
2).

Formally, an anti-chain is a set A of sets such that x 6⊆ y and y 6⊆ x for all x ∈ A
and y ∈ A, i.e., any pair of sets in A are incomparable. An anti-chain supports two
operations. One is to check whether it contains a subset of a given set. let x be the given
set, we denote x b A if and only if there exists y ∈ A such that y ⊆ x . The other is to
add a given set x in A. A d x is defined as {y | y ∈ A ∧ x 6⊆ y} ∪ {x}, i.e., A d x
contains x and all sets in A which is not a superset of x . Obviously, an empty set is an
anti-chain by definition.

Algorithm 1 shows the anti-chain based algorithm. In an abuse of notation, we
write (s,X ) b A to denote that the set ({s} ∪ X ) b A; and A d (s,X ) to denote
Ad ({s}∪X ). The algorithm works as follows. After initialization, the algorithm pops
one state (impl , spec) from working and adds it to the set antichain , and then generates
all successors of the state and adds them to working unless (impl ′, spec′) b antichain
is true, till the stack working is empty or a TR-witness state is found. We remark that
antichain keeps to be an anti-chain during this algorithm, because line 5 and line
13 guarantee there are no subsets or supersets of the new added state in the updated
antichain . Soundness of the algorithm can be referred to in [2] [16].



Algorithm 1 Trace Refinement Checking Algorithm with Anti-chain
1: let working be a stack containing a pair (init1, {s | init2  s});
2: let antichain := ∅;
3: while working 6= ∅ do
4: pop (impl , spec) from working ;
5: antichain := antichain d (impl , spec);
6: for all (impl , e, impl ′) ∈ T1 do
7: if e = τ then
8: spec′ := spec;
9: else

10: spec′ := {s ′ | ∃ s ∈ spec. s
e
 s ′};

11: if spec′ = ∅ then
12: return false;
13: if (impl ′, spec′) b antichain is not true then
14: push (impl ′, spec′) into working ;
15: return true;
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Fig. 1. Trace Refinement Checking Algorithm with Anti-Chain

Theorem 1. [16] Algorithm 1 returns true if and only if traces(L1) ⊆ traces(L2). 2

Example 1. Figure 1 shows a simple example of dining philosopher [11] to demon-
strate how Algorithm 1 works. The problem is summarized as N philosophers sit-
ting around a round table with a single fork between each pair, and each philoso-
pher requiring both neighboring forks to eat. The LTS L2 in Figure 1 (b) shows the
complete state graph of the system with two philosophers. The invisible events is de-
noted as [event ], i.e., [get .0.1] means that the hidden event is philosopher 0 getting
the right fork which is represented as 1. Note that checking traces(L1) ⊆ traces(L2)
is to confirm whether every philosopher can eat. From Figure 1 (c) we can see that
the search does not continue from the state (s1, {s ′1, s ′2, s ′3, s ′4, s ′5, s ′8, s ′9, s ′10}) because
{s ′1, s ′2, s ′3, s ′4, s ′5, s ′8} ⊆ {s ′1, s ′2, s ′3, s ′4, s ′5, s ′8, s ′9, s ′10}. In this case, Algorithm 1 gener-
ates 3 states which are labeled with Anti–Chain , while the classical algorithm based
on subset construction generates 7 states. 2



Algorithm 2 Stable Failures Refinement Checking Algorithm with Anti-chain
1: let working be a stack containing a pair (init1, {s | init2  s});
2: let antichain := ∅;
3: while working 6= ∅ do
4: pop (impl , spec) from working ;
5: antichain := antichain d (impl , spec);
6: if refusals(impl) 6⊆ refusals(spec) then
7: return false;
8: for all (impl , e, impl ′) ∈ T1 do
9: if e = τ then

10: spec′ := spec;
11: else
12: spec′ := {s ′ | ∃ s ∈ spec. s

e
 s ′};

13: if spec′ = ∅ then
14: return false;
15: if (impl ′, spec′) b antichain is not true then
16: push (impl ′, spec′) into working ;
17: return true;

3 Failures/Divergence Refinement Checking with Anti-Chain

In this section, we demonstrate that anti-chain can be used to improve stable failures
refinement checking and failures-divergence refinement checking.

3.1 Stable Failures Refinement Checking

Let L = (S , init ,Act ,T ) be an LTS. Given a state s ∈ S , s is stable if τ 6∈ enable(s).
Given a stable state s , the refusals of s , written as refusals(s), is defined as {X |
∃ s ′. s  s ′ ∧ τ 6∈ enable(s ′) ∧ X ⊆ Σ \ enable(s ′)}. The failures of L, written as
failures(L), is defined as {(tr ,X ) : Σ∗ × 2Σ | ∃ s. init tr

 s ∧ X ∈ refusals(s)}
where init

tr
 s denotes that there exists a run 〈s0, e0, s1, e1, · · · , en , sn+1〉 such that

s0 = init and sn+1 = s and tr = 〈e0, e1, · · · , en〉.

Definition 4 (Stable Failures Refinement). Let Li where i ∈ {1, 2} be two LTSs. L1

refines L2 in stable failures semantics if and only if failures(L1) ⊆ failures(L2).

The existing stable failures refinement checking algorithm [1] works by searching for
a state (x , y) of L1 × det(L2) such that y = ∅ or refusals(x ) 6⊆ refusals(y). Such a
state is called a SFR-witness state. In the following, we extend Algorithm 1 for stable
failures refinement checking. Given a set states x , we write refusals(x ) to denote {r |
∃ s ∈ x . r ∈ refusals(s)}. The algorithm is shown in Algorithm 2.

Lemma 1. For every state (s1, s2) of L1 × det(L2), for all (s1, s ′2) in the product, if
s ′2 ⊆ s2, then a SFR-witness state is reachable from (s1, s2) implies a SFR-witness state
is reachable from (s1, s

′
2).
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Fig. 2. Stable Failures Refinement Checking Algorithm with Anti-Chain

Proof By induction. The base case is that (s1, s2) is a SFR-witness state, then s2 =
∅ or refusals(s1) 6⊆ refusals(s2). Because s ′2 ⊆ s2 by assumption, refusals(s ′2) ⊆
refusals(s2). Then we have s ′2 = ∅, or refusals(s1) 6⊆ refusals(s ′2). Thus, (s1, s ′2) is a
SFR-witness state. Next, we prove the induction step. Assume that (s1, s2) satisfies the
condition, i.e., for any state (s1, s

′
2) such that s ′2 ⊆ s2, a SFR-witness state is reachable

from (s1, s2) implies a SFR-witness state is reachable from (s1, s
′
2). Let (x , y) be a state

of the product such that (x , y) e→ (s1, s2). For all (x , y ′) such that y ′ ⊆ y , we can get
(x , y ′)

e→ (s1, s
′
2) such that s ′2 ⊆ s2. Therefore, the induction step holds by induction

hypothesis. Thus, the lemma is true. 2

Theorem 2. Algorithm 2 returns true if and only if failures(L1) ⊆ failures(L2).

Proof For a state S of L1 × det(L2), define Dist(S ) ∈ N ∪ {∞} as the length of
the shortest SFR-witness trace from S (if a SFR-witness state is not reachable from
S , Dist(S ) = ∞). For a set of states States , if States = ∅, Dist(States) = ∞,
otherwise, Dist(States) = minS∈States Dist(S ). The predicate SFR(States) is true
if and only if all the states in States are not SFR-witness states. Then the correctness of
Algorithm 2 can be proved using the two invariants below. The invariants can be proved
in a very similar way to [2].

1. ¬SFR(antichain ∪ working)⇒ ¬SFR({(i , {s | init2  s}) | i ∈ init1}).
2. ¬SFR({(i , {s | init2  s}) | i ∈ init1})⇒ Dist(antichain) > Dist(working).

Because the number of state is finite and all states are only visited once, Algorithm 2
eventually terminates. Algorithm 2 returns false only if the state spec′ is an empty set
on line 13, or (impl , spec) satisfies the condition refusals(impl) * refusals(spec) on
line 6. The former case has been proved in Algorithm 1. In the latter case, (impl , spec)
is a SFR-witness state, and hence SFR(antichain ∪ working) is false. By invariant 1,
L1 cannot refine L2 in stable failures semantics. Algorithm 2 returns true only when
working is empty, which implies that Dist(antichain) > Dist(working) is not true.
By invariant 2, L1 refines L2 in stable failures semantics. 2

Example 2. If Algorithm 2 is applied to the example presented in Figure 1, the reduc-
tion remains the same as for trace refinement checking (from 7 states to 3 states). We
show another example with some counterexamples, as shown in Figure 2. Notice that



the refusal set of s2 is {b}, and s1, s
′
1, s
′
2 do not refuse any event. Then the two states

with red circles are SFR-witness states. Since {s ′1} ⊆ {s ′1, s ′2}, the search does not con-
tinue from the state (s1, {s ′1, s ′2}). We can see that a SFR-witness state which is reach-
able from (s1, {s ′1, s ′2}) is also reachable from (s1, {s ′1}) after the pruning of states. In
this case, Algorithm 2 generates 3 states which are labelled with Anti–Chain , while the
classical algorithm may generate 4 states before finding a SFR-witness state. Moreover,
Algorithm 2 may find a shorter witness trace than the classical algorithm. 2

3.2 Failures-Divergence Refinement Checking

In the following, we show how to adopt anti-chain for failures-divergence refinement
checking. Let L = (S , init ,Act ,T ) be an LTS. Given a state s , s diverges if and only
if s can performance an infinite number of τ -transitions. A trace tr is divergent, written
as div(tr), if and only if there exists a prefix pre of tr or tr itself such that init

pre
 s

and s diverges. We write divergences(L) to be {tr | div(tr)}.

Definition 5 (Failures-Divergence Refinement). Let Li where i ∈ {1, 2} be two
LTSs. L1 refines L2 in failures-divergence semantics if and only if divergences(L1) ⊆
divergences(L2) and failures(L1) ⊆ failures(L2).

In the following, we extend Algorithm 2 for failures-divergence refinement checking.
The algorithm is shown in Algorithm 3. Given a set of state x , we say that x diverges
if there exists s ∈ x such that s diverges. Like in the existing failures-divergence re-
finement checking algorithm [1], the idea is to search for a FDR-witness state (x , y) of
L1 × det(L2) such that y = ∅ or refusals(x ) 6⊆ refusals(y) or x diverges but not y .

Lemma 2. For every state (s1, s2) of L1 × det(L2), for all (s1, s ′2) in the product, if
s ′2 ⊆ s2, then a FDR-witness state is reachable from (s1, s2) implies a FDR-witness
state is reachable from (s1, s

′
2).

Proof By induction. The base case is that (s1, s2) is a FDR-witness state, then s2 = ∅
or refusals(s1) 6⊆ refusals(s2) or s1 diverges and s2 does not. Because s ′2 ⊆ s2 by
assumption, refusals(s ′2) ⊆ refusals(s2) and if s ′2 diverges, so does s2. Thus, (s1, s ′2) is
a SFR-witness state since s2 = ∅ implies s ′2 = ∅; refusals(s1) 6⊆ refusals(s2) implies
refusals(s1) 6⊆ refusals(s ′2); and s2 not divergent implies that s ′2 does not diverge
either. Next, we prove the induction step. Assume that (s1, s2) satisfies the condition.
Let (x , y) be a state of the product such that (x , y) e→ (s1, s2). For all (x , y ′) such that
y ′ ⊆ y , we can get (x , y ′) e→ (s1, s

′
2) such that s ′2 ⊆ s2. Therefore, the induction step

holds by induction hypothesis. Thus, the lemma is true. 2

Theorem 3. Algorithm 3 returns true if and only if divergences(L1) ⊆ divergences(L2)
and failures(L1) ⊆ failures(L2).

Proof Define Dist(S ) ∈ N ∪{∞} as the length of the shortest FDR-witness trace from
a state S of L1 × det(L2)(if a FDR-witness state is not reachable from S , Dist(S ) =
∞). Given a set of states States , if States = ∅, Dist(States) = ∞, otherwise,
Dist(States) = minS∈States Dist(S ). The predicate FDR(States) is true if and only
if all the states in States are not FDR-witness states. The correctness of Algorithm 3
can be proved similarly as for Algorithm 2, using the following two invariants.



Algorithm 3 Failures-Divergence Refinement Checking Algorithm with Anti-chain
1: let working be a stack containing a pair (init1, {s | init2  s});
2: let antichain := ∅;
3: while working 6= ∅ do
4: pop (impl , spec) from working ;
5: antichain := antichain d (impl , spec);
6: if impl diverges then
7: if spec does not diverge then
8: return false;
9: else

10: if refusals(impl) 6⊆ refusals(spec) then
11: return false;
12: for all (impl , e, impl ′) ∈ T1 do
13: if e = τ then
14: spec′ := spec;
15: else
16: spec′ := {s ′ | ∃ s ∈ spec. s

e
 s ′};

17: if spec′ = ∅ then
18: return false;
19: if (impl ′, spec′) b antichain is not true then
20: push (impl ′, spec′) into working ;
21: return true;

1. ¬FDR(antichain ∪ working)⇒ ¬FDR({(i , {s | init2  s}) | i ∈ init1}).
2. ¬FDR({(i , {s | init2  s}) | i ∈ init1})⇒ Dist(antichain) > Dist(working).

2

Example 3. We use the example shown in Figure 3 to demonstrate how algorithm 3
works. The state s2 in LTS L1 has a self-loop labeled with τ . The two states with red
circles are FDR-witness states now. Since {s ′1} ⊆ {s ′1, s ′2}, the search does not continue
from the state (s1, {s ′1, s ′2}). We can see that a FDR-witness state which is reachable
from (s1, {s ′1, s ′2}) is also reachable from (s1, {s ′1}) after pruning the states. 2

3.3 Implementation and Evaluation

The proposed algorithms have been adopted in the Process Analysis Toolkit (PAT) [13].
PAT is designed for systematic validation of distributed/concurrent systems using state-
of-the-art model checking techniques. In the following, we evaluate the performance
of the algorithms using a range of real-life parameterized systems. All the systems are
embedded in the PAT package and available online. The data is obtained with Intel(R)
Core(TM) i7-2640M CPU at 2.80GHz and 8GB RAM.

The pairs of LTSs (one as implementation and one as specification) are generated
from different systems or same systems with different parameters. The systems include
a multi-valued register simulation system with one reader or multiple readers [4], an
implementation of concurrent stack with or without linearization point [15], a mail-
box system [3], a system of scalable nonzero indicator [9] and the dining philosopher
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Fig. 3. Failures-Divergence Refinement Checking Algorithm with Anti-Chain

Result Time(s) States Result Time(s) States Result Time(s) States Result Time(s) States Result Time(s) States Result Time(s) States

A : Stack() 0.005 382 Anti-Chain yes 0.110006 3040 yes 0.050003 765 yes 0.0680039 3040 yes 0.063004 765 yes 0.306018 3040 yes 0.141008 765

B : StackAbs() 0.052003 1124 Non-Chain yes 0.143008 10120 yes 0.110006 3756 yes 0.1420082 10120 yes 0.081005 3756 yes 0.642037 10121 yes 0.255015 3757

A : Stack() 0.008001 382 Anti-Chain yes 0.073004 3040 yes 0.046003 765 yes 0.0520029 3040 yes 0.050003 765 yes 0.392022 3040 yes 0.203012 765

B : StackAbs() 0.019001 1124 Non-Chain yes 0.142008 10120 yes 0.066004 3756 yes 0.0920053 10120 yes 0.081005 3756 yes 0.721041 10121 yes 0.271016 3757

A : Stack() 0.011001 745 Anti-Chain yes 0.16801 6956 yes 0.116007 1524 yes 0.1610092 6956 yes 0.125007 1524 yes 0.641037 6956 yes 0.403023 1524

B : StackAbs() 0.027002 2264 Non-Chain yes 0.224013 21036 yes 0.17001 8945 yes 0.1640094 21036 yes 0.193011 8945 yes 1.686096 21037 yes 0.505029 8946

A : Stack() 0.014001 745 Anti-Chain yes 0.202012 6956 yes 0.138008 1524 yes 0.1530088 6956 yes 0.125007 1524 yes 0.978056 6956 yes 0.35402 1524

B : StackAbs() 0.035002 2264 Non-Chain yes 0.280016 21036 yes 0.249014 8945 yes 0.3050175 21036 yes 0.199011 8945 yes 1.702097 21037 yes 0.601034 8946

A : Stack() 0.015001 1228 Anti-Chain yes 0.256015 12960 yes 0.201012 2539 yes 0.2640151 12960 yes 0.18201 2539 yes 1.283073 12960 yes 0.478027 2539

B : StackAbs() 0.040002 3804 Non-Chain yes 0.382022 38272 yes 0.363021 18202 yes 0.3240185 38272 yes 0.35102 18202 yes 2.837162 38273 yes 0.830048 18203

A : Stack() 0.021001 1228 Anti-Chain yes 0.250014 12960 yes 0.203012 2539 yes 0.316018 12960 yes 0.200011 2539 yes 1.364078 12960 yes 0.680039 2539

B : StackAbs() 0.055003 3804 Non-Chain yes 0.335019 38272 yes 0.390022 18202 yes 0.4740272 38272 yes 0.407023 18202 yes 3.915224 38273 yes 0.932053 18203

A : Stack() 0.018001 1831 Anti-Chain yes 0.34602 21412 yes 0.280016 3810 yes 0.35002 21412 yes 0.304017 3810 yes 1.92311 21412 yes 0.756043 3810

B : StackAbs() 0.058003 5744 Non-Chain yes 0.507029 62836 yes 0.645037 33149 yes 0.5350306 62836 yes 0.538031 33149 yes 4.422253 62837 yes 1.345077 33150

A : Stack() 0.021001 1831 Anti-Chain yes 0.382022 21412 yes 0.304017 3810 yes 0.332019 21412 yes 0.301017 3810 yes 2.232128 21412 yes 0.845048 3810

B : StackAbs() 0.049003 5744 Non-Chain yes 0.607035 62836 yes 0.568033 33149 yes 0.6320361 62836 yes 0.592034 33149 yes 5.305304 62837 yes 1.543088 33150

A : Stack() 0.029002 2554 Anti-Chain yes 0.473027 32672 yes 0.425024 5337 yes 0.4400252 32672 yes 0.396023 5337 yes 3.336191 32672 yes 1.415081 5337

B : StackAbs() 0.081005 8084 Non-Chain yes 0.717041 95928 yes 0.893051 55688 yes 0.7070404 95928 yes 0.859049 55688 yes 7.934454 95929 yes 2.141123 55689

A : Stack() 0.030002 2554 Anti-Chain yes 0.559032 32672 yes 0.424024 5337 yes 0.52403 32672 yes 0.466027 5337 yes 3.450197 32672 yes 1.154066 5337

B : StackAbs() 0.090005 8084 Non-Chain yes 0.963055 95928 yes 0.974056 55688 yes 0.8670496 95928 yes 1.001057 55688 yes 8.22047 95929 yes 2.246128 55689

A : Stack() 0.074004 7898 Anti-Chain yes 14.54183 232736 yes 13.81979 26909 yes 14.0168017 232736 yes 12.98874 26909 yes 183.5865 232736 yes 25.53446 26909

B : StackAbs() 0.394023 36968 Non-Chain yes 50.6519 5509087 yes 32.22484 1228029 yes 50.7279015 5509087 yes 29.39868 1228029 yes 1270.455 5509088 yes 66.73582 1228030

A : Stack() 0.023001 3397 Anti-Chain yes 0.674039 47100 yes 0.52003 7120 yes 0.5800331 47100 yes 0.509029 7120 yes 3.937225 47100 yes 1.383079 7120

B : StackAbs() 0.091005 10824 Non-Chain yes 1.093063 138748 yes 1.376079 87993 yes 0.9320534 138748 yes 1.257072 87993 yes 9.864564 138749 yes 3.079176 87994

A : Stack() 0.037002 3397 Anti-Chain yes 0.682039 47100 yes 0.567032 7120 yes 0.6430367 47100 yes 0.551032 7120 yes 4.746272 47100 yes 1.605092 7120

B : StackAbs() 0.098006 10824 Non-Chain yes 1.108063 138748 yes 1.333076 87993 yes 1.0820619 138748 yes 1.357078 87993 yes 12.14169 138749 yes 3.4872 87994

A : Stack() 0.038002 4360 Anti-Chain yes 0.828047 65056 yes 0.737042 9159 yes 0.7980457 65056 yes 0.69604 9159 yes 5.549317 65056 yes 1.92011 9159

B : StackAbs() 0.114007 13964 Non-Chain yes 1.293074 192496 yes 1.864107 132510 yes 1.3050746 192496 yes 1.884108 132510 yes 14.19881 192497 yes 4.914281 132511

A : Stack() 0.043003 4360 Anti-Chain yes 0.919053 65056 yes 0.760043 9159 yes 0.8820505 65056 yes 0.754043 9159 yes 6.446369 65056 yes 2.151123 9159

B : StackAbs() 0.129007 13964 Non-Chain yes 1.552089 192496 yes 2.049117 132510 yes 1.5240872 192496 yes 2.086119 132510 yes 17.09698 192497 yes 5.129293 132511

A : Stack() 0.047003 5443 Anti-Chain yes 1.065061 86900 yes 0.935054 11454 yes 1.0410596 86900 yes 0.964055 11454 yes 7.427425 86900 yes 2.635151 11454

B : StackAbs() 0.130008 17504 Non-Chain yes 1.787102 258372 yes 2.724156 191957 yes 1.7961027 258372 yes 2.738157 191957 yes 19.60912 258373 yes 6.559375 191958

A : Stack() 0.048003 5443 Anti-Chain yes 1.280073 86900 yes 1.097063 11454 yes 1.1600664 86900 yes 1.040059 11454 yes 8.713498 86900 yes 2.874164 11454

B : StackAbs() 0.159009 17504 Non-Chain yes 2.177125 258372 yes 2.931168 191957 yes 2.1531231 258372 yes 2.997172 191957 yes 23.82636 258373 yes 7.832448 191958

A : Stack() 0.058003 6646 Anti-Chain yes 1.477084 112992 yes 1.376079 14005 yes 1.4410825 112992 yes 1.333076 14005 yes 10.13858 112992 yes 3.265187 14005

B : StackAbs() 0.161009 21444 Non-Chain yes 2.44314 337576 yes 4.066233 269324 yes 2.3031317 337576 yes 4.476256 269324 yes 26.99754 337577 yes 9.139523 269325

A : Stack() 0.058003 6646 Anti-Chain yes 1.537088 112992 yes 1.362078 14005 yes 1.5800904 112992 yes 1.496086 14005 yes 12.32471 112992 yes 3.727213 14005

B : StackAbs() 0.17701 21444 Non-Chain yes 2.691154 337576 yes 4.54626 269324 yes 3.1751816 337576 yes 5.136294 269324 yes 33.70793 337577 yes 10.33659 269325

A : Stack() 0.068004 7969 Anti-Chain yes 1.773101 143692 yes 1.634093 16812 yes 1.9661124 143692 yes 1.678096 16812 yes 13.38177 143692 yes 4.257244 16812

B : StackAbs() 0.195011 25784 Non-Chain yes 3.005172 431308 yes 5.41431 367873 yes 3.0501745 431308 yes 5.560318 367873 yes 36.61609 431309 yes 12.94874 367874

A : Stack() 0.066004 7969 Anti-Chain yes 1.961112 143692 yes 1.732099 16812 yes 1.9091092 143692 yes 1.7481 16812 yes 14.80885 143692 yes 4.607264 16812

B : StackAbs() 0.227013 25784 Non-Chain yes 3.32519 431308 yes 5.731328 367873 yes 3.4111951 431308 yes 5.805332 367873 yes 41.30036 431309 yes 13.61278 367874

A : Stack() 0.071004 9412 Anti-Chain yes 2.199126 179360 yes 2.10612 19875 yes 2.2421283 179360 yes 2.116121 19875 yes 16.53195 179360 yes 5.262301 19875

B : StackAbs() 0.210012 30524 Non-Chain yes 3.825219 540768 yes 7.204412 491138 yes 3.829219 540768 yes 7.482428 491138 yes 45.57661 540769 yes 16.35894 491139

A : Stack() 0.078004 9412 Anti-Chain yes 2.429139 179360 yes 2.206126 19875 yes 2.4401395 179360 yes 2.253129 19875 yes 20.53317 179360 yes 6.046346 19875

B : StackAbs() 0.274016 30524 Non-Chain yes 4.54726 540768 yes 7.990457 491138 yes 4.5112581 540768 yes 8.004458 491138 yes 54.2311 540769 yes 19.66112 491139

A : Stack() 0.0936 10975 Anti-Chain yes 2.952405 220356 yes 2.776805 23194 yes 2.9484052 220356 yes 2.808005 23194 yes 23.04124 220356 yes 7.176013 23194

B : StackAbs() 0.296401 35664 Non-Chain yes 5.406809 667156 yes 10.77962 642925 yes 5.9124103 667156 yes 10.81082 642925 yes 66.47091 667157 yes 25.83365 642926

A : Stack() 0.0936 10975 Anti-Chain yes 2.730005 220356 yes 2.558404 23194 yes 2.7612048 220356 yes 2.605205 23194 yes 18.92283 220356 yes 6.078911 23194

B : StackAbs() 0.2184 35664 Non-Chain yes 4.602008 667156 yes 10.21802 642925 yes 4.8848079 667156 yes 10.23362 642925 yes 52.56589 667157 yes 21.08883 642926

A : Stack() 0.078 12658 Anti-Chain yes 3.307206 267040 yes 3.151206 26769 yes 3.2916058 267040 yes 3.288806 26769 yes 23.72044 267040 yes 7.488013 26769

B : StackAbs() 0.280801 41204 Non-Chain yes 5.89681 811672 yes 13.16682 827312 yes 5.9012095 811672 yes 13.36202 827312 yes 64.98011 811673 yes 26.97245 827313

A : Stack() 0.1 12658 Anti-Chain yes 3.785206 267040 yes 3.634806 26769 yes 3.7908067 267040 yes 3.681606 26769 yes 26.69365 267040 yes 8.238814 26769

B : StackAbs() 0.3 41204 Non-Chain yes 6.614412 811672 yes 14.42602 827312 yes 6.864012 811672 yes 14.18042 827312 yes 82.95011 811673 yes 30.58565 827313

A : Stack() 0.0936 14461 Anti-Chain yes 3.962407 319772 yes 3.962407 30600 yes 6.4428114 319772 yes 4.508408 30600 yes 33.11006 319772 yes 11.94282 30600

B : StackAbs() 0.312001 47144 Non-Chain yes 7.488013 975516 yes 16.38003 1048649 yes 7.0824124 975516 yes 18.03683 1048649 yes 78.83933 975517 yes 36.49486 1048650

A : Stack() 0.11 14461 Anti-Chain yes 4.494407 319772 yes 4.102807 30600 yes 4.4772078 319772 yes 4.089207 30600 yes 33.69926 319772 yes 10.13202 30600

B : StackAbs() 0.400001 47144 Non-Chain yes 8.458014 975516 yes 17.70603 1048649 yes 7.4992131 975516 yes 17.93843 1048649 yes 95.93816 975517 yes 39.34407 1048650

A : Stack() 0.1 16384 Anti-Chain yes 4.734408 378912 yes 4.784408 34687 yes 4.9068122 378912 yes 4.945209 34687 yes 35.73766 378912 yes 10.77562 34687

B : StackAbs() 0.366801 53484 Non-Chain yes 7.813212 1159888 yes 21.65134 1311558 yes 9.3444151 1159888 yes 22.33204 1311558 yes 100.0378 1159889 yes 44.62928 1311559

A : Stack() 0.1092 16384 Anti-Chain yes 5.352809 378912 yes 5.007609 34687 yes 5.3128093 378912 yes 5.306009 34687 yes 41.15487 378912 yes 12.19922 34687

B : StackAbs() 0.421201 53484 Non-Chain yes 8.934014 1159888 yes 24.47844 1311558 yes 9.1504154 1159888 yes 24.50524 1311558 yes 117.4942 1159889 yes 49.88489 1311559

A : Stack() 0.1092 18427 Anti-Chain yes 5.77201 444820 yes 5.775609 39030 yes 5.8032102 444820 yes 5.94361 39030 yes 41.81007 444820 yes 12.86682 39030

B : StackAbs() 0.390001 60224 Non-Chain yes 9.111616 1365988 yes 26.82925 1620933 yes 10.7492159 1365988 yes 27.72325 1620933 yes 119.3174 1365989 yes 58.6489 1620934

A : Stack() 0.1248 18427 Anti-Chain yes 6.174811 444820 yes 6.037211 39030 yes 6.286811 444820 yes 6.099611 39030 yes 45.76688 444820 yes 13.27562 39030

B : StackAbs() 0.452401 60224 Non-Chain yes 10.00442 1365988 yes 28.19125 1620933 yes 10.7640189 1365988 yes 29.45525 1620933 yes 127.0018 1365989 yes 58.3773 1620934

A : Stack() 0.1248 20590 Anti-Chain yes 6.903612 517856 yes 6.801612 43629 yes 6.9048121 517856 yes 6.895212 43629 yes 49.59168 517856 yes 15.22563 43629

B : StackAbs() 0.452401 67364 Non-Chain yes 11.59642 1595016 yes 34.30006 1981940 yes 10.5636178 1595016 yes 34.98726 1981940 yes 140.7322 1595017 yes 72.73333 1981941

A : Stack() 0.1404 20590 Anti-Chain yes 7.162412 517856 yes 6.979612 43629 yes 7.394413 517856 yes 7.209212 43629 yes 55.2553 517856 yes 15.60003 43629

B : StackAbs() 0.421201 67364 Non-Chain yes 11.93402 1595016 yes 35.96286 1981940 yes 12.0432211 1595016 yes 36.77526 1981940 yes 152.4783 1595017 yes 71.97172 1981941

A : Stack() 0.13 22873 Anti-Chain yes 7.758414 598380 yes 7.928013 48484 yes 7.2540127 598380 yes 8.110414 48484

B : StackAbs() 0.420001 74904 Non-Chain yes 12.33602 1848172 yes 41.42367 2400017 yes 12.7640203 1848172 yes 42.85567 2400017

A : Stack() 0.1716 22873 Anti-Chain yes 8.502015 598380 yes 8.628814 48484 yes 10.6244169 598380 yes 9.524415 48484

B : StackAbs() 0.561601 74904 Non-Chain yes 15.17283 1848172 yes 45.97888 2400017 yes 16.0304257 1848172 yes 46.24368 2400017

A : Stack() 0.15 25276 Anti-Chain yes 9.140814 686752 yes 9.898816 53595 yes 10.8300159 686752 yes 10.36882 53595

B : StackAbs() 0.520001 82844 Non-Chain yes 17.06603 2126656 yes 52.02169 2880874 yes 15.720825 2126656 yes 53.74209 2880874

A : Stack() 0.1872 25276 Anti-Chain yes 10.18682 686752 yes 9.895616 53595 yes 10.3528165 686752 yes 9.937217 53595

B : StackAbs() 0.608401 82844 Non-Chain yes 17.08203 2126656 yes 55.3717 2880874 yes 16.7632253 2126656 yes 55.6901 2880874

A : Stack() 0.16 27799 Anti-Chain yes 10.69962 783332 yes 11.46602 58962 yes 9.8592173 783332 yes 11.12282 58962

B : StackAbs() 0.556801 91184 Non-Chain yes 17.53003 2431668 yes 64.4737 3430493 yes 15.7992246 2431668 yes 63.45331 3430493

A : Stack() 0.2028 27799 Anti-Chain yes 11.02922 783332 yes 11.92642 58962 yes 13.6732227 783332 yes 12.13882 58962

B : StackAbs() 0.624001 91184 Non-Chain yes 20.30923 2431668 yes 68.9141 3430493 yes 20.7396322 2431668 yes 75.9169 3430493

A : Stack() 0.2 30442 Anti-Chain yes 12.25122 888480 yes 13.31042 64585 yes 14.1096216 888480 yes 13.69202 64585

B : StackAbs() 0.580001 99924 Non-Chain yes 20.01923 2764408 yes 76.38573 4055128 yes 20.2196318 2764408 yes 77.19453 4055128

A : Stack() 0.2184 30442 Anti-Chain yes 12.83882 888480 yes 13.58402 64585 yes 14.584424 888480 yes 13.92842 64585

B : StackAbs() 0.733201 99924 Non-Chain yes 20.38924 2764408 yes 81.17334 4055128 yes 23.0112387 2764408 yes 82.55014 4055128

A : Stack() 0.2028 33205 Anti-Chain yes 13.71242 1002556 yes 14.55483 70464 yes 13.9620246 1002556 yes 14.98883 70464

B : StackAbs() 0.608401 109064 Non-Chain yes 21.47204 3126076 yes 91.75936 4761305 yes 21.8992364 3126076 yes 93.62936 4761305

A : Stack() 0.234001 33205 Anti-Chain yes 15.19643 1002556 yes 15.42843 70464 yes 15.6120267 1002556 yes 15.67803 70464

B : StackAbs() 0.764401 109064 Non-Chain yes 24.17204 3126076 yes 98.00937 4761305 yes 26.2464433 3126076 yes 97.64857 4761305

A : Stack() 0.2184 36088 Anti-Chain yes 15.70203 1125920 yes 16.94163 76599 yes 15.2880268 1125920 yes 17.31603 76599

B : StackAbs() 0.686401 118604 Non-Chain yes 23.95204 3517872 yes 109.569 5555822 yes 24.166041 3517872 yes 114.2934 5555822

A : Stack() 0.2496 36088 Anti-Chain yes 17.37483 1125920 yes 17.76843 76599 yes 17.2088285 1125920 yes 17.97123 76599

B : StackAbs() 0.826802 118604 Non-Chain yes 30.10965 3517872 yes 117.479 5555822 yes 28.3644477 3517872 yes 118.3126 5555822

A : Stack() 0.234 39091 Anti-Chain yes 18.28603 1258932 yes 19.79443 82990 yes 18.220832 1258932 yes 19.55883 82990

B : StackAbs() 0.795601 128544 Non-Chain yes 28.45485 3940996 yes 133.255 6445749 yes 27.8932467 3940996 yes 132.4638 6445749

A : Stack() 0.27 39091 Anti-Chain yes 19.55723 1258932 yes 20.14443 82990 yes 19.4560328 1258932 yes 20.15323 82990

B : StackAbs() 0.896801 128544 Non-Chain yes 31.96165 3940996 yes 140.7822 6445749 yes 32.3260539 3940996 yes 141.5106 6445749

A : Stack() 0.280801 42214 Anti-Chain yes 20.82884 1401952 yes 22.08244 89637 yes 21.5132366 1401952 yes 22.72644 89637

B : StackAbs() 0.904802 138884 Non-Chain yes 29.21885 4396648 yes 156.7195 7438428 yes 30.7476512 4396648 yes 160.6871 7438428

A : Stack() 0.296401 42214 Anti-Chain yes 20.93044 1401952 yes 22.79244 89637 yes 22.2792376 1401952 yes 23.18964 89637

B : StackAbs() 0.967202 138884 Non-Chain yes 32.96966 4396648 yes 166.1463 7438428 yes 34.6488592 4396648 yes 169.2227 7438428

A : Stack() 0.265201 45457 Anti-Chain yes 22.03884 1555340 yes 24.85044 96540 yes 22.2576384 1555340 yes 25.08964 96540

B : StackAbs() 0.858002 149624 Non-Chain yes 34.93086 4886028 yes 184.3959 8541473 yes 31.7172542 4886028 yes 187.3279 8541473

A : Stack() 0.350001 45457 Anti-Chain yes 25.27484 1555340 yes 26.31365 96540 yes 25.3308437 1555340 yes 26.84285 96540

B : StackAbs() 1.158002 149624 Non-Chain yes 39.78847 4886028 yes 197.7863 8541473 yes 40.7056676 4886028 yes 198.0459 8541473

T-A T F-A F FD-A FD

1124 382 1506 0.110006 0.143008 1.300001 0-10000 1506 0.068004 0.142008 1506 0.306018 0.642037

1124 382 1506 0.073004 0.142008 1.945205 1.665936264 1506 0.052003 0.092005 1506 0.392022 0.721041

2264 745 3009 0.16801 0.224013 1.333333 3009 0.161009 0.164009 3009 0.641037 1.686096

2264 745 3009 0.202012 0.280016 1.386138 3009 0.153009 0.305018 3009 0.978056 1.702097

3804 1228 5032 0.256015 0.382022 1.492188 10000-100000 5032 0.264015 0.324019 5032 1.283073 2.837162

3804 1228 5032 0.250014 0.335019 1.34 2.708786122 5032 0.316018 0.474027 5032 1.364078 3.915224

5744 1831 7575 0.34602 0.507029 1.465318 7575 0.35002 0.535031 7575 1.92311 4.422253

5744 1831 7575 0.382022 0.607035 1.589005 7575 0.332019 0.632036 7575 2.232128 5.305304

8084 2554 10638 0.473027 0.717041 1.515856 100000-200000 10638 0.440025 0.70704 10638 3.336191 7.934454

8084 2554 10638 0.559032 0.963055 1.722719 3.163171372 10638 0.52403 0.86705 10638 3.450197 8.22047

36968 7898

10824 3397 14221 0.674039 1.093063 1.621662 14221 0.580033 0.932053 14221 3.937225 9.864564

10824 3397 14221 0.682039 1.108063 1.624633 14221 0.643037 1.082062 14221 4.746272 12.14169

13964 4360 18324 0.828047 1.293074 1.561594 18324 0.798046 1.305075 18324 5.549317 14.19881

13964 4360 18324 0.919053 1.552089 1.688792 18324 0.882051 1.524087 18324 6.446369 17.09698

17504 5443 22947 1.065061 1.787102 1.677934 22947 1.04106 1.796103 22947 7.427425 19.60912

17504 5443 22947 1.280073 2.177125 1.700781 22947 1.160066 2.153123 22947 8.713498 23.82636

21444 6646 28090 1.477084 2.44314 1.654029 28090 1.441083 2.303132 28090 10.13858 26.99754

21444 6646 28090 1.537088 2.691154 1.750813 28090 1.58009 3.175182 28090 12.32471 33.70793

25784 7969 33753 1.773101 3.005172 1.694867 33753 1.966112 3.050175 33753 13.38177 36.61609

25784 7969 33753 1.961112 3.32519 1.695564 33753 1.909109 3.411195 33753 14.80885 41.30036

30524 9412 39936 2.199126 3.825219 1.739427 39936 2.242128 3.829219 39936 16.53195 45.57661

30524 9412 39936 2.429139 4.54726 1.871964 39936 2.44014 4.511258 39936 20.53317 54.2311

35664 10975 46639 2.952405 5.406809 1.831324 46639 2.948405 5.91241 46639 23.04124 66.47091

35664 10975 46639 2.730005 4.602008 1.685714 46639 2.761205 4.884808 46639 18.92283 52.56589

41204 12658 53862 3.307206 5.89681 1.783019 53862 3.291606 5.90121 53862 23.72044 64.98011

41204 12658 53862 3.785206 6.614412 1.747437 53862 3.790807 6.864012 53862 26.69365 82.95011

47144 14461 61605 3.962407 7.488013 1.889764 61605 6.442811 7.082412 61605 33.11006 78.83933

47144 14461 61605 4.494407 8.458014 1.881897 61605 4.477208 7.499213 61605 33.69926 95.93816

53484 16384 69868 4.734408 7.813212 1.650304 69868 4.906812 9.344415 69868 35.73766 100.0378

53484 16384 69868 5.352809 8.934014 1.669033 69868 5.312809 9.150415 69868 41.15487 117.4942

60224 18427 78651 5.77201 9.111616 1.578586 78651 5.80321 10.74922 78651 41.81007 119.3174

60224 18427 78651 6.174811 10.00442 1.620198 78651 6.286811 10.76402 78651 45.76688 127.0018

67364 20590 87954 6.903612 11.59642 1.679761 87954 6.904812 10.56362 87954 49.59168 140.7322

67364 20590 87954 7.162412 11.93402 1.666201 87954 7.394413 12.04322 87954 55.2553 152.4783

74904 22873 97777 7.758414 12.33602 1.590019 97777 7.254013 12.76402 97777

74904 22873 97777 8.502015 15.17283 1.784615 97777 10.62442 16.03043 97777

82844 25276 108120 9.140814 17.06603 1.867014 108120 10.83002 15.72083 108120

82844 25276 108120 10.18682 17.08203 1.676876 108120 10.35282 16.76323 108120

91184 27799 118983 10.69962 17.53003 1.638379 118983 9.859217 15.79922 118983

91184 27799 118983 11.02922 20.30923 1.841403 118983 13.67322 20.73963 118983

99924 30442 130366 12.25122 20.01923 1.63406 130366 14.10962 20.21963 130366

99924 30442 130366 12.83882 20.38924 1.588092 130366 14.58442 23.01124 130366

109064 33205 142269 13.71242 21.47204 1.565882 142269 13.96202 21.89924 142269

109064 33205 142269 15.19643 24.17204 1.59064 142269 15.61203 26.24644 142269

118604 36088 154692 15.70203 23.95204 1.525411 154692 15.28803 24.16604 154692

118604 36088 154692 17.37483 30.10965 1.732947 154692 17.20883 28.36445 154692

128544 39091 167635 18.28603 28.45485 1.556098 167635 18.22083 27.89325 167635

128544 39091 167635 19.55723 31.96165 1.634263 167635 19.45603 32.32605 167635

138884 42214 181098 20.82884 29.21885 1.402808 181098 21.51324 30.74765 181098

138884 42214 181098 20.93044 32.96966 1.575202 181098 22.27924 34.64886 181098

149624 45457 195081 22.03884 34.93086 1.584968 195081 22.25764 31.71725 195081

149624 45457 195081 25.27484 39.78847 1.574232 195081 25.33084 40.70567 195081

1506 0.050003 0.110006 2.199998 1506 0.063004 0.081005 1506 0.141008 0.255015

1506 0.046003 0.066004 1.434784 1506 0.050003 0.081005 1506 0.203012 0.271016

3009 0.116007 0.17001 1.465516 3009 0.125007 0.193011 3009 0.403023 0.505029

3009 0.138008 0.249014 1.804347 3009 0.125007 0.199011 3009 0.35402 0.601034

5032 0.201012 0.363021 1.80597 5032 0.18201 0.35102 5032 0.478027 0.830048

5032 0.203012 0.390022 1.921183 5032 0.200011 0.407023 5032 0.680039 0.932053

7575 0.280016 0.645037 2.303572 7575 0.304017 0.538031 7575 0.756043 1.345077

7575 0.304017 0.568033 1.868421 7575 0.301017 0.592034 7575 0.845048 1.543088

10638 0.425024 0.893051 2.101177 10638 0.396023 0.859049 10638 1.415081 2.141123

10638 0.424024 0.974056 2.29717 10638 0.466027 1.001057 10638 1.154066 2.246128

14221 0.52003 1.376079 2.646154 14221 0.509029 1.257072 14221 1.383079 3.079176

14221 0.567032 1.333076 2.35097 14221 0.551032 1.357078 14221 1.605092 3.4872

18324 0.737042 1.864107 2.529172 18324 0.69604 1.884108 18324 1.92011 4.914281

18324 0.760043 2.049117 2.696053 18324 0.754043 2.086119 18324 2.151123 5.129293

22947 0.935054 2.724156 2.913369 22947 0.964055 2.738157 22947 2.635151 6.559375

22947 1.097063 2.931168 2.671832 22947 1.040059 2.997172 22947 2.874164 7.832448

28090 1.376079 4.066233 2.954942 28090 1.333076 4.476256 28090 3.265187 9.139523

28090 1.362078 4.54626 3.337739 28090 1.496086 5.136294 28090 3.727213 10.33659

33753 1.634093 5.41431 3.313342 33753 1.678096 5.560318 33753 4.257244 12.94874

33753 1.732099 5.731328 3.308892 33753 1.7481 5.805332 33753 4.607264 13.61278

39936 2.10612 7.204412 3.420703 39936 2.116121 7.482428 39936 5.262301 16.35894

39936 2.206126 7.990457 3.62194 39936 2.253129 8.004458 39936 6.046346 19.66112

46639 2.776805 10.77962 3.882022 46639 2.808005 10.81082 46639 7.176013 25.83365

46639 2.558404 10.21802 3.993903 46639 2.605205 10.23362 46639 6.078911 21.08883

53862 3.151206 13.16682 4.178345 53862 3.288806 13.36202 53862 7.488013 26.97245

53862 3.634806 14.42602 3.968856 53862 3.681606 14.18042 53862 8.238814 30.58565

61605 3.962407 16.38003 4.133858 61605 4.508408 18.03683 61605 11.94282 36.49486

61605 4.102807 17.70603 4.315589 61605 4.089207 17.93843 61605 10.13202 39.34407

69868 4.784408 21.65134 4.525396 69868 4.945209 22.33204 69868 10.77562 44.62928

69868 5.007609 24.47844 4.88825 69868 5.306009 24.50524 69868 12.19922 49.88489

78651 5.775609 26.82925 4.645267 78651 5.94361 27.72325 78651 12.86682 58.6489

78651 6.037211 28.19125 4.669582 78651 6.099611 29.45525 78651 13.27562 58.3773

87954 6.801612 34.30006 5.042931 87954 6.895212 34.98726 87954 15.22563 72.73333

87954 6.979612 35.96286 5.152559 87954 7.209212 36.77526 87954 15.60003 71.97172

97777 7.928013 41.42367 5.224975 97777 8.110414 42.85567 97777

97777 8.628814 45.97888 5.328528 97777 9.524415 46.24368 97777

108120 9.898816 52.02169 5.255344 108120 10.36882 53.74209 108120

108120 9.895616 55.3717 5.595578 108120 9.937217 55.6901 108120

118983 11.46602 64.4737 5.623024 118983 11.12282 63.45331 118983

118983 11.92642 68.9141 5.778273 118983 12.13882 75.9169 118983

130366 13.31042 76.38573 5.738791 130366 13.69202 77.19453 130366

130366 13.58402 81.17334 5.975648 130366 13.92842 82.55014 130366

142269 14.55483 91.75936 6.304394 142269 14.98883 93.62936 142269

142269 15.42843 98.00937 6.352518 142269 15.67803 97.64857 142269

154692 16.94163 109.569 6.467441 154692 17.31603 114.2934 154692

154692 17.97123 118.3126 154692

167635 19.55883 132.4638 167635

167635 20.15323 141.5106 167635

181098 22.72644 160.6871 181098

181098 23.18964 169.2227 181098

195081 25.08964 187.3279 195081

195081 26.84285 198.0459 195081
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Fig. 4. Refinement Checking Results of Concurrent Stack Implementation

problem [11]. In total about 300 pairs of LTS were generated to compare the anti-chain
algorithms and the classical ones for all three kinds of refinement checking.

Figure 4 shows the statistics of a typical example, i.e., the concurrent stack, from
which we can see significant performance improvement. In the figure, the horizontal
axis is the sum of the sizes of the two LTSs for refinement checking, and the verti-
cal axis is the execution time (in seconds) of the corresponding algorithm. Each point
shows the checking time for a pair of LTSs. We can see that for all three kinds of refine-
ment checking, anti-chain based algorithms offer significantly better performance. The
complete experimental results, with the refinement checking assertions always being
valid, are summarized in Table 1. Notice that if the pair of LTSs are equivalent in terms
of traces or failures or failures-divergence, we can perform the refinement checking in
both directions. This is shown in the table using two columns⊆ and⊇. A few cases are
marked as ‘––’ as the result is false, which are discussed later. Furthermore, ‘unknown’
means either out of memory or running for more than 30 minutes. It can be observed
that the speedup differs for different systems. In most cases, the anti-chain approach
has a much better performance than the classical one, e.g., in the concurrent stack lin-
earization point implementation, it is 30.28 times faster for stable failures refinement
checking and 12.16 times faster for failures-divergence refinement checking. Moreover,
the larger the system is, the larger the speedup is. In some cases, anti-chain can not re-
duce the number of states at all simply because the specifications are deterministic. In
some cases (e.g., SNZI), although anti-chain reduces the number of states, the bene-
fit is not significant enough to overcome the computational overhead of the anti-chain
operations defined in section 2.2.



System Size

Trace Stable Failures Failures-Divergence
(Speedup) (Speedup) (Speedup)

⊆ ⊇ ⊆ ⊇ ⊆ ⊇

Multi-valued Register 0-10000 2.21 1.42 2.32 1.63 3.48 1.46
Simulation with 10000-100000 4.54 2.14 4.45 2.09 6.61 1.73

1 Reader and 1 Writer 100000-700000 6.74 2.88 6.64 2.92 unknown 2.59
Multi-valued Register 0-10000 2.17 1.49 1.99 1.45 3.33 1.43

Simulation with 10000-100000 3.32 2.05 3.32 2.11 3.55 1.70
Multiple Readers 100000-700000 6.45 2.68 6.14 2.72 unknown 3.16

Concurrent 0-10000 1.48 1.85 1.63 1.72 2.26 1.60
Stack 10000-100000 1.70 3.72 1.71 3.71 2.71 3.22

Implementation 100000-200000 1.62 5.90 1.56 6.44 2.85 4.96
Concurrent Stack 0-10000 0.75 5.33 –– 5.99 –– 2.70

Linearization Point 10000-30000 0.84 13.94 –– 14.11 –– 5.00
Implementation 30000-60000 0.91 30.37 –– 30.28 –– 12.16

Mailbox 0-700000 1.13 1.54 1.11 1.61 1.39 1.01
SNZI 0-50000 0.89 2.45 0.93 2.42 1.03 1.14

Dining Philosopher 0-50000 0.99 1.14 –– 1.02 –– 1.17

Table 1. Testing on Refinement Checking Assertions which are valid

System Size Trace Trace Stable Failures Stable Failures Failures-Divergence Failures-Divergence
With AC(s) W/o AC(s) With AC(s) W/o AC(s) With AC(s) W/o AC(s)

Multi-valued 3175 0.10 0.42 0.09 0.43 0.44 2.88
Register 24655 1.52 12.12 1.71 12.02 9.78 146.95

Simulation with 117288 3.92 136.37 3.57 138.50 48.52 985.24
Multiple Readers 194455 22.11 294.71 21.51 299.21 180.91 unknown

Table 2. Testing on Refinement Checking Assertions which are invalid

In presence of counterexamples, anti-chain based algorithms may find the coun-
terexample more quickly. The verification results with the register example (with multi-
ple readers), shown in Table 2 (‘Anti-Chain’ and ‘Without’ are denoted as AC and W/o
for short), evidences that anti-chain finds the counterexample more quickly in all three
kinds of refinement checking. Nonetheless, we remark that because the algorithms are
on-the-fly, whether the counterexample is found earlier depends on the searching order
and sometimes anti-chain based algorithms may be slower if a ‘wrong’ order is taken.

4 Probabilistic Refinement Checking with Anti-Chain

In this section, we show that anti-chain can be used to improve a particular kind of
probabilistic refinement checking, i.e., the implementation is given as an MDP and the
specification is given as an NFA.

4.1 MDP and Probabilistic Model Checking

Given a set of states S , a distribution is a function µ : S → [0, 1] such thatΣs∈S µ(s) =
1. Let Distr(S ) be the set of all distributions over S . A Markov Chain is a tupleM =
(S , init ,Act ,Pr) where S is a countable set of states; init ∈ S is an initial state; Act
is a set of events; and Pr : S × Act × S → [0, 1] is a labeled transition probability
function such that for all state s ∈ S , ∃ e ∈ Act , Σs′∈SPr(s, e, s

′) = 1, and ∀ e ′ 6=
e, Σs′∈SPr(s, e, s

′) = 0. Notice that Markov Chains are deterministic as there is only
one event (and one distribution) at each state.



A sequence of alternating states and events π = 〈s0, e0, s1, e1, · · · , en , sn+1〉 is a
path of M if Pr(si , ei , si+1) > 0 for all i . The probability of executing π from s0,
written as Pr(M, π), is Pr(s0, e0, s1)× Pr(s1, e1, s2)× · · · × Pr(sn , en , sn+1). It is
often also interesting to find out the probability of reaching a certain set of states (e.g.,
what is the probability of reaching the state of system failure?). Given a set of target
states G , the probability of reaching any state in G from a starting state s0, written as
Pr(M, s0,G), is the accumulated probability of all paths from s0 to any state in G ,
which can be calculated systematically [5]. Given a path π, we define trace(π) to be
the sequence of visible events in π. We write Pr(M, s0, tr) to denote the probability of
exhibiting a trace tr from state s0, which is the accumulated probability of all paths π
from s0 such that trace(π) = tr . Given a set of traces Tr , the probability ofM exhibit-
ing any trace in Tr from state s0 is the accumulated probability Σtr∈TrPr(M, s0, tr).

Different from Markov Chains, an MDP can express both probabilistic choices and
non-determinism. An MDP is a tuple D = (S , init ,Act ,Pr) where S is a set of
system states; init ∈ S is the initial system configuration6; Act is a set of actions;
Pr : (S × Act) → Distr(S ) is a transition probability function such that for all states
s ∈ S and a ∈ Act : Σs′∈SPr(s, a, s

′) ∈ {0, 1}. Notice that there could be multi-
ple events at any state. A transition of the system is written as s

e→ µ where µ is a
distribution. A path of M is a sequence of alternating states, events and distributions
π = 〈s0, e0, µ0, s1, e1, µ1, · · ·〉 such that s0 = init and si

ei→ µi and µi(si+1) > 0 for
all i . Given a path π, we define trace(π) to be the sequence of visible events in π.

Intuitively speaking, given a system configuration, firstly an event and a distribution
is selected non-deterministically by the scheduler, and then one of successor states is
reached according to the probability distribution. A scheduler is a function deciding
which event and distribution to choose based on the execution history. With a scheduler
δ, we effectively obtain a Markov Chain fromD, written asDδ . Note that with different
scheduling, the probability of reaching a state or exhibiting a trace may be different.
The measurement of interest is thus the maximum and minimum probability. Given
a set of target states G and an MDP D, the maximum probability of reaching any
state in G from state s0 is defined as Pmax (D, s0,G) = supδ Pr(Dδ, s0,G). Note that
the supremum ranges over all, potentially infinitely many, schedulers. Accordingly, the
minimum is written as Pmin(D, s0,G). Similarly, we define the maximum probability
of exhibiting a trace in a set Tr by D from s0.

Pmax (D, s0,Tr) = supδ(Σtr∈TrPr(Dδ, s0, tr))

Accordingly, the minimum is written as Pmin(Dδ, s0,Tr).

Example 4. The following shows a simple example MDP.

s0start s1

s2

s3
α, 1

α, 0.5

α, 0.5

β, 1

6 This is a simplified definition. In general, there can be an initial distribution.



where s0 is the initial state and s2 is a target state. For simplicity, we omit the self-
loop of s2 and s3. s1 has two distributions, following two actions α and β. If s1 non-
deterministically chooses α, then it has equal probability to transfer to s2 or stay in s1;
and if β is chosen, it will transfer to s3 with probability 1. 2

Definition 6 (Refinement Probability). Let D = (S , init ,Act ,Pr) be an MDP; L be
an LTS. The maximum probability of D trace-refining L is Pmax (D, init , traces(L)).
The minimum is Pmin(D, init , traces(L)).

Intuitively, the probability ofD refines L is the probability ofD exhibiting a trace of L.
As we mention earlier, the probability may vary due to different scheduling.

Definition 7 (MDP and LTS Synchronous Product). LetD = (Sd , initd ,Actd ,Prd)
be an MDP; L = (Sl , initl ,Actl ,T ) be an LTS such that τ 6∈ Actl . The synchronous
product of D and L, written as D × L, is an MDP (S , init ,Act ,Pr) such that S =
Sd × Sl ; init = (initd , initl); Act = Actd ∪Actl ; and Pr is defined as follows.

– If (s1, τ, µ) ∈ Prd , then ((s1, s2), τ, µ
′
) ∈ Pr for all s2 ∈ Sl such that for all

s ′1 ∈ Sd , µ′((s ′1, s2)) = µ(s ′1);
– If (s1, e, µ) ∈ Prd and (s2, e, s

′
2) ∈ T , then ((s1, s2), e, µ

′
) ∈ Pr such that for all

s ′1 ∈ Sd , µ′((s ′1, s
′
2)) = µ(s ′1).

A state (s1, s2) of the productD×L is a TR-witness state if and only if s2 = ∅. In [14],
we show that the refinement probability can be calculated systematically by (1) building
the deterministic LTS det(L); (2) computing the synchronous product ofD and det(L);
(3) calculating the maximum/minimum probability of reaching any TR-witness state.

Theorem 4. Let D = (Sd , initd ,Actd ,Prd) be an MDP; L = (Sl , initl ,Actl ,T ). Let
G be the set of TR-witness states of D × det(L).

– Pmax (D, initd , traces(L)) = Pmax (D × det(L), (initd , initl),G)
– Pmin(D, initd , traces(L)) = Pmin(D × det(L), (initd , initl),G) 2

Based on the above theorem, the probabilistic refinement checking problem is reduced
to a probabilistic reachability problem, which can be solved by two standard methods.
One is by solving a linear program. That is, we firstly associate a variable xs to each
state s in P to represent the probability of reaching any target state from s; then we
construct a linear program which constraints the value of every xs using a set of linear
inequalities, based on the probability transition function; and lastly, we solve the lin-
ear program to get the maximum/minimum value of each xs . Notice that the solution
of state (initd , initl) is the refinement probability. The other is to iteratively approxi-
mate the probability through graph traversing. Notice that for systems having large state
space, it is impractical to store the entire linear program and solve it directly, therefore
the iterative calculation approach is more widely used in probabilistic verification. As a
result, in this paper we just focus on this approach.

Example 5. In the following, we show how the iterative calculation method works using
the simple example shown in Example 4. That is, the maximal probability from initial
state s0 to accepting state s2 is calculated step by step. Assume pk

i is the maximal



probability of si after the k -th iteration. Starting from the target state s2, in k -th iteration
we update the probability of states which could reach s2 in exact k steps. Obviously,
p0
0 = p0

1 = 0. As pk
2 = 1 and pk

3 = 0 for any k , k is ignored in these two states. In the
1st iteration, only p1 can be updated, and p1

1 = max{0.5 × p0
1 + 0.5 × p0

2 , 1 × p0
3} =

max{0.5, 0} = 0.5.; in the 2nd iteration, both p0 and p1 can be updated. It is trivial to
show p2

0 = p1
1 = 0.5, and p2

1 = max{0.5×p1
1+0.5×p1

2 , 1×p1
3} = max{0.75, 0} = 0.75.

Iteratively, p0 and p1 in the long run can be calculated. A user-defined threshold is
usually necessary to terminate the calculation, according to the desired precision. 2

4.2 Anti-chain Based Approach

Now we introduce how anti-chain can be used to speed up the iterative calculation
approach, by first introducing a lemma.

Lemma 3. Let D = (Sd , initd ,Actd ,Prd) be an MDP; L = (Sl , initl ,Actl ,T ). Let
P be D × det(L). Let G be the set of TR-witness states of P . For all state (u1, v1) and
(u2, v2) of P s.t. (u2, v2) ≤ (u1, v1), Prmax (P, (u1, v1),G) ≥ Prmax (P, (u2, v2),G)
and Prmin(P, (u1, v1),G) ≥ Prmin(P, (u2, v2),G).

Proof The above can be proved with an induction. The base case is that (u2, v2) is in
G . By definition, (u1, v1) must be in G and therefore the lemma holds. Next, we show
the induction step. Assume that (u ′2, v

′
2) satisfies the lemma above. For every distribu-

tion µ2 from (u2, v2), by Definition 7, there must exist a distribution µ1 from (u1, v1)
and for every state (u ′2, v

′
2), there exists (u ′1, v

′
1) such that µ2((u

′
2, v
′
2)) = µ1((u

′
1, v
′
1))

and (u ′2, v
′
2) ≤ (u ′1, v

′
1). By induction hypothesis, we have Prmax (P, (u ′1, v ′1),G) ≥

Prmax (P, (u ′2, v ′2),G) and Prmin(P, (u ′1, v ′1),G) ≥ Prmin(P, (u ′2, v ′2),G). Thus we
have Prmax (P, (u1, v1),G) ≥ Prmax (P, (u2, v2),G) and Prmin(P, (u1, v1),G) ≥
Prmin(P, (u2, v2),G). Therefore, we conclude that the lemma holds. 2

Compared to probabilistic reachability calculation for a general MDP, the above lemma
gives us additional information, which can be potentially useful in speeding up the
calculation. In the following, we discuss how we can make use of the information so as
to improve the probabilistic refinement checking using the iterative calculation method.

The first step is building the product MDP meanwhile finding the target states,
which is shown in Algorithm 4. The implementation and specification are defined in
Definition 7. Different from the non-probabilistic cases, the state space cannot be re-
duced in the probabilistic models; instead, we define a function sub of the product state
s satisfying s.sub = {t | t ∈ S ∧ s ≤ t}, where S is the state space of the product
MDP. Then the refinement checking is reduced to probabilistic reachability of a set of
target states, denoted by Target . During the iterative calculation, whenever the proba-
bility of state s is updated, e.g., to p, according to lemma 3, all states in s.sub whose
probability is less than p could be set to p directly. This could speed up each iteration
and potentially improve probabilistic refinement checking.

Now we evaluate whether the above method is indeed beneficial. The proposed
probabilistic refinement checking algorithm has also been implemented in PAT. We
evaluate it using a modified system based on the implementation of a distributed con-
current stack example [15]. Probabilistic choices are used to model a concurrent stack



Algorithm 4 Building MDP in Probabilistic Refinement Checking with Anti-chain
1: let working be a stack containing a pair (initd , {s | initl  s});
2: let visited := {(initd , {s | initl  s})}; let Target = ∅; ;
3: while working 6= ∅ do
4: pop (impl , spec) from working ;
5: for all (impl , e, µ) ∈ Prd do
6: if e = τ then
7: spec′ := spec;
8: else
9: spec′ := {s ′ | ∃ s ∈ spec. s

e
 s ′};

10: for all impl ′ ∈ Sd do
11: if µ(impl ′) > 0 ∧ (impl ′, spec′) 6∈ visited then
12: push (impl ′, spec′) into working ;
13: visited := visited ∪ (impl ′, spec′);
14: if spec′ = ∅ then
15: Target := Target ∪ (impl ′, spec′);
16: for all (impl ′, spec′′) ∈ visited do
17: if (impl ′, spec′′) ≤ (impl ′, spec′) then
18: (impl ′, spec′′).sub.Add(impl ′, spec′);
19: else if (impl ′, spec′) ≤ (impl ′, spec′′) then
20: (impl ′, spec′).sub.Add(impl ′, spec′′);
21: return true;

System Size
Verification Time (s) #States Involved in Iterations

W/o AC With AC Gain W/o AC With AC Gain
K = 2 20600 2.74 2.21 19.3% 4.2M 3M 28.6%
K = 3 45584 15.98 12.04 24.6% 18.6M 11.7M 37.1%
K = 4 86704 48.72 37.50 22.6% 55.5M 36.2M 34.8%
K = 5 117408 123.9 80.83 34.9% 130.7M 76.3M 41.6%
K = 6 231440 271.2 182.6 32.7% 272.1M 160.7M 40.9%
K = 7 342544 511.1 340.3 33.5% 515.2M 298.8M 42.0%

Table 3. Experiments: Probabilistic Concurrent Stack Implementation

model composed by two processes, so as to capture the situation in which the commu-
nication between different processes fails from time to time. Failures do exist in real
world cases and the experiments results are summarized in Table 3.

We compare the efficiency of the implementation with and without (W/o) Anti-
chain (AC) using several cases. K means length of the stack; Size indicates the number
of states in the whole system; #States Involved in Iterations represents the total number
of states involved in the iterative calculation. For example, a state s updates its proba-
bility in two iterations, then #States should increase two. From the experiments, we can
see that the anti-chain approach could reduce the total number of states accumulated
during the calculation, through dynamically updating states’ probability based on the
subset relation sub. This speeds up the verification around 29%. We remark that the
gains here are not as significant as the non-probabilistic cases, because the state space
cannot be reduced; however, in some cases, it does shorten the verification time.



5 Conclusion

In this work, we proposed to adopt anti-chain approach to improve stable failures re-
finement, failures-divergence refinement and probabilistic refinement checking. These
algorithms have been implemented in model checking framework PAT, and some ex-
periments based on benchmark systems demonstrated the dramatic improvement of the
verification efficiency of our method. To our best of knowledge, we are the first to in-
vestigate anti-chain approaches for these refinement checking.

As for future work, we are trying to extend anti-chain based refinement checking
approach in real-time system; meanwhile, we are exploring the refinement relation be-
tween probabilistic models, which may also benefit from anti-chain based method.
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